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Lanchester equations have been widely used to model combat for many years, nevertheless, one of their
most important limitations has been their failure to model the spatial dimension of the problems. Despite
the fact that some efforts have been made in order to overcome this drawback, mainly through the use of
Reaction–Diffusion equations, there is not yet a consistently clear theoretical framework linking Lanches-
ter equations with these physical systems, apart from similarity. In this paper, a spatial modeling of
Lanchester equations is conceptualized on the basis of explicit movement dynamics and balance of forces,
ensuring stability and theoretical consistency with the original model. This formulation allows a better
understanding and interpretation of the problem, thus improving the current treatment, modeling and
comprehension of warfare applications. Finally, as a numerical illustration, a new spatial model of
responsive movement is developed, confirming that location influences the results of modeling attrition
conflict between two opposite forces.

� 2010 Elsevier B.V. All rights reserved.
1. Introduction

Lanchester equations (LEs) were introduced by F.W. Lanchester
as a set of linear differential equations that describe an attrition
conflict between two opposite forces concentrated on a spot, as
Kimball (1950) reports. Since then, LEs have been widely used to
model and theorize about combat attrition for many years. See
for example Chen and Chu (1991), Kaup et al. (2005) and Hung
et al. (2005) for some recent contributions. This success can be ex-
plained mainly because of the simplicity of Lanchester equations
(LEs), and the fact that they are very intuitive and hence easy to ap-
ply. Additionally, at present there exist several research lines that
are using LEs to analyze very distinct problems, such as: Adams
and Mesterson-Gibbons (2003) in behavioral ecology, Lacasta
et al. (2008) in infectology, Kimball (1957), Erickson (1997) in mar-
keting and Hirshleifer (1991) in economics, which have maintained
the interest in the Lanchester approach.

The Lanchester model makes strong simplifying assumptions
that have proven to be important shortcomings in terms of real-
battle outcomes forecasting. Nowadays, most modern warfare sim-
ulations are stochastic, heterogeneous and complex and in general
terms give better predictions than the traditional LEs. Thus, impor-
tant efforts have been made in order to generalize Lanchester
original formulation and improve its performance, e.g. stochastic
and heterogeneous models have been introduced, for details see
Grubbs and Shuford (1973), Taylor (1974, 1983), Taylor and Brown
ll rights reserved.
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(1983), Chen (2002), Roberts and Conolly (1992). Despite this, little
attention has been paid on one of its main limitations: the fact that
LEs fail to model the characteristic spatial dimension of most attri-
tion problems.

Location matters in the evolution and state of a struggle,
whether some entity is fighting a war, defining its marketing cam-
paign or its vaccinations programs. The capacity of modeling dif-
ferent spatial settings in a consistent and stable manner is crucial
at the time of deciding an army strategy, since it allows the mod-
eler to take into account local battles and disaggregated allocation
of resources, but at the same to keep in mind the global strategy.

A publication by Protopopescu et al. (1989) was the first work
that tried to model combat in a spatial setting via Lanchester equa-
tions, including one-dimensional spatial effect. This first attempt
was followed by Cosner et al. (1990) that used a parabolic system
with nonlinear interactions. Fields (1993) explicitly modeled the
displacement of forces in a 2D model, and most recently Spradlin
and Spradlin (2007) and Keane (2009) have tried to use and expand
Protopopescu’s work to two dimensions.

All these attempts have concentrated in the use of partial differ-
ential equations to model combat, as Reaction–Diffusion equations
systems. However, to this date and apart from their similarities,
there is not a consistent and clear theoretical framework linking
Lanchester equations with this physical system. As a consequence
of this, interpretation of the diffusion and strategic behavior of the
forces in a spatial setting could have not been properly addressed
in the literature. Particularly, in these formulations there is not an
explicit account for displacements, reinforcements and deaths of
the engaged forces, and some stability issues are not discussed at
all.
r models. European Journal of Operational Research (2010), doi:10.1016/
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In this paper, a spatial modeling of Lanchester equations is con-
ceptualized on the basis of an explicit balance of forces and devel-
oped in order to account not only for the time dynamics of the
problem, but also for locations, movements and concentrations of
the struggling forces. The resulting formulation ensures stability
and theoretical consistency with the original model, allowing for
a better understanding and interpretation of the spatial simulation.
Besides, in order to complement the general model, the dynamics
of the spatial combat is explicitly defined for some cases: troops
movements, terrain modeling, responsive movement, perception,
predator–prey behavior, and distance combat. It is expected, that
this new taxonomy could certainly improve not only the warfare
applications, but also the new research projects inspired by LEs,
including stochastic behavior of both the result of the combat, as
mentioned by Grubbs and Shuford (1973), Hellman (1996), Gass
(1997), and the displacement of the forces, as stated by Fields
(1993).

Additionally, as a numerical illustration, a new model of respon-
sive movement is developed. In other words, the model includes
the movement of the forces according to the balance of gradients
of both own and enemy‘s troops and terrain effects. The spatio-
temporal simulations confirm the fact that location influences
the results of modeling attrition conflict between two opposite
forces.

The rest of this paper is organized as follows. In the next section,
a general formulation of the new model and its equations are pre-
sented. A continuity equation is developed accounting for displace-
ments, generations or reinforcements and deaths of the engaged
forces, that is to say: a balance of forces. In section three, the
dynamics of the spatial modeling is defined. Thus, some different
combat situations that could yield different movements of the
forces and hence different diffusion and velocity characteristics
are presented. In section four, a comparison of the model to previ-
ous works is done. In the fifth section a particular case of spatial
combat is modeled: responsive movement. In section six a numer-
ical example is developed, showing how location and concentra-
tion of forces matter in combat results. Finally, the findings are
summarized, and directions for future research are discussed.

2. The general model

The first assumption needed to model the spatial Lanchester
problem is to use a spatial coordinates system for the forces that
will engage in combat, typically two: the Red and Blue armies.
Thus, without loss of generality, the surface density, or number
of soldiers per area unit, of the Blue forces will be represented by
B(x,y, t) and that of the Red forces will be represented by R(x,y, t).
An element of each force will have an instantaneous velocity given
by~vhðx; y; tÞwhere h can be replaced either by B or R. So the surface
Fig. 1. Divergence of the Blue forces through an element of surface.

Please cite this article in press as: González, E., Villena, M. Spatial Lancheste
j.ejor.2010.11.009
densities of current, or number of soldiers traveling parallel to the
velocity per transversal distance unit, of the Blue and Red forces
are represented by~Jhðx; y; tÞ ¼ hðx; y; tÞ~vhðx; y; tÞ.

It should be highlighted that both surface densities B and R
must be non-negatively valued functions if soldiers are the ele-
ments of the forces.

Both forces will meet in a region of area DxDy. For this purpose
Fig. 1 depicts the continuity evolution of the Blue forces.

Now the temporal variation of the flow density, or the number
of forces that actually cross the transversal distance per time unit,
of the B forces coming into the region of area DxDy plus the inter-
nal generation or reinforcement GB is DUB. Hence the instanta-
neous time variation of the Blue forces in the region should be
expressed as:

DUB ¼ �½JByðyþ DyÞ � JByðyÞ�Dx� ½JBxðxþ DxÞ � JBxðxÞ�Dyþ GBDxDy:

ð1Þ

For the R forces, there is an analog expression that results from
changing the subscripts to R.

As a result of the combat, that includes decay, spontaneous gen-
eration, regeneration or reinforcements, destruction and self-
destruction, a nonlinear net result of each force is obtained. The
respective density of the generic Blue or Red forces h resulting from
the struggle, is described by:

DUh ¼
@h
@t

DxDy: ð2Þ

By imposing the continuity relation and taking the limit when
both Dx and Dy vanish, and by replacing (2) into (1), a general
expression is obtained:

Gh � ~r �~Jh ¼ Gh �
@Jhx

@x
�
@Jhy

@y
¼ @h
@t
: ð3Þ

It remains clear that ~Jh ¼ R �~vh, where ~vh is the instantaneous
velocity of each part of the respective moving force. Without losing
generality the same equations could be extended to a volumetric
combat, adding easily the z coordinate. For the purpose of this doc-
ument that discussion is left out.

The internal densities can be expressed considering the profile
of the engaging forces through the Lanchester expressions:

GB ¼ gBðx; y; tÞ �
X1
i¼0

X1
j¼0

aBijR
iBj

 !
; ð4Þ

where the a coefficients have the same interpretation as in the ori-
ginal LEs, being always real valued and generally space–time
dependent. There is an analog expression for GR.

Combining Lanchester Eqs. (4) and (3) and the constitutive rela-
tions for~JB a new expression arises:

GB � ~r � ðB~vBÞ ¼ �~r �~JB þ gBðx; y; tÞ �
X1
i¼0

X1
j¼0

aBijR
iBj

 !
¼ @B
@t

ð5Þ

and applying the same procedure, a twin expression results.
Eq. (5) represents the general approach to spatially modeling

Lanchester equations, and they can be generically written as:

�~r � ðh~vhÞ ¼
@h
@t
� Gh; ð6Þ

where h can be either B or R.
This equation is general and should apply to any conflict engag-

ing two forces. The left hand side term reflects the behavior of
attraction/repulsion of the forces while the term Gh accounts for
the birth and death governing the evolution of the combat. The
analysis found in the next paragraphs illustrates better this matter,
specifically some particular assumptions are discussed.
r models. European Journal of Operational Research (2010), doi:10.1016/
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It is useful to recall that the total number of remaining forces in
the battlefield for any time is described by:

hT ¼
Z Z

S
hðx; y; tÞdS: ð7Þ

It is important to remark that the formulation presented above
has four novel and important features that are not properly ad-
dressed in the literature on spatial attrition modeling. Firstly, this
model is explicitly and consistently derived from the Lanchester’s
original formulation and hence it is not constructed from its
similarity to some physical systems. Secondly, this model is not a
specific case, because it presents a general approach, allowing
the inclusion of different kinds of behavior for the forces, including
diffusive attitudes, attractive or repulsive, among others. Thus,
arbitrary and unjustified assumptions are avoided. Thirdly, the cor-
rect and explicit balance of forces is modeled, guaranteeing that no
soldiers or forces can arbitrarily appear or disappear. In fact it al-
lows to account for the forces at any time. Usually Fick’s law, as
indicated by Dekker (1959), Smith (2004) can be applied with
the balance of forces in a continuous setting if stability and consis-
tency have to be achieved. Finally, a 2D formulation is derived,
which can be very helpful for didactic and visual purposes.

3. Defining the spatial dynamics of attrition modeling

In order to bound the solution to the general problem already
described, the dynamics of the spatial modeling must be defined.

Thus, it is possible to identify some combat situations that could
rise from the attitudes of the forces. We discuss each situation in
turn, starting with the more basic.

3.1. Troop directed movement without other effects

Since most movements on the battlefield are directed towards a
specific location or target, a basic movement of the forces will be to
follow a given path. It is assumed that the forces are not responsive
to any other information or force but they will just follow their or-
ders unless they fight, fact that can change the average velocity due
to the local killing rate. In absence of other troops the movement is
represented by:

~JB ¼ B~v0B: ð8Þ

Under these assumptions, ~v0B is only dependent on attrition or
on endogenous decisions, and it is not necessarily constant.

3.2. Troop directed movement influenced by terrain

Terrain can have different effects on each of the struggling
forces whether they are homogeneous or not. In general, the troops
and soldiers velocities will critically depend on the terrain condi-
tions. Whether or not the surface is plane or sloped will certainly
affect the troops’ movements. Usually, the troops could move in
the direction of the negative gradient of the terrain topology de-
fined by a function: w(x,y). In other words:

~JBT ¼ �r~rwðx; yÞ: ð9Þ

In general, r is a real valued proportionality constant or a ter-
rain dependent real valued function, and is also known as diffusion
coefficient.

In this case, a constant component will account for friction, but
with no relevance in the global analysis.

If no attrition is happening, then:

~JB ¼ B~vB ¼ B~v0B � r~rwðx; yÞ; ð10Þ
Please cite this article in press as: González, E., Villena, M. Spatial Lancheste
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where w(x,y) represents the terrain so the path should be influ-
enced by the surface once the commanders have decided to move
with ~v0Bðx; y; tÞ, for example: aiming north from the south in a
straight line. Under this rule of movement the terrain will act as a
perturbation on the commander’s order.

3.3. Responsive movement and perception

Usually in a war situation, it is expected that the motion of one
of the forces, even if combats were discarded, might influence the
motion of the other one. This type of movement is called respon-
sive movement. Assuming that the density of current of forces will
be related to the balance of both forces, two simple possibilities
should be born in mind as main drivers of the forces (not the only
ones): linear behavior of the velocities and linear behavior of the
densities of current of forces.

The way a force reacts during the struggle may vary widely
depending on the type of forces involved. Moreover, perception
of the strength can be very different if it regards own forces or
opposite ones. Lack of intelligence is an extreme way in the behav-
ior of a force, but high use of the knowledge of the own and oppos-
ing motion of each side could be close to the other extreme,
especially if the reaction is nonlinear.

Four parameters can be introduced here which account for a
combined effect of the perception and ability of each force. The
first subscript indicates the observer and the second subscript indi-
cates the subject of the observation, e.g.: hBR is the result of such
combined effect of strength of the Red forces perceived by the Blue
forces. In order to separate both effects, it is useful to state the ac-
tual strength of each force: kB and kR, so four pure parameters (uij)
shape just perception, and they are defined as follows:

hBB hBR

hRB hRR

� �
¼

kBuBB kRuBR

kBuRB kRuRR

� �
: ð11Þ

Each uij should take positive real values, reflecting the quality of
intelligence of each army. When heterogeneous forces are fighting,
each of the uij terms have to be extended to an array represented
by one sub-matrix.

As a rule of thumb, for the simplest case hij = kjuij.
This way, for the B force, uBB indicates how confidently the B

forces located on the (x,y) spot know themselves. On the other
hand, uBR express how good is the knowledge that the B forces have
of the strength of the R forces. The same criteria applies for the per-
ceptions of the Red forces.

3.3.1. Direct relation between the velocity and a weighted difference of
the gradients of the two forces

The velocity of the forces will move towards or away from its
enemies depending on the balance of gradients. This time other
terms already discussed are included, friction and commanded
velocity ~v0B, and for the sake of simplicity the terrain effects have
been left out:
~JB

B
¼ ~vB ¼ �~sB �wBðhBB

~rB� hBR
~rRÞ þ~v0B: ð12Þ

The term~sB is a real valued function that represents the velocity
component of friction, while the parameter wB is a real valued pro-
portionality constant.

By replacing (12) into (3) the densities of current no longer ap-
pear in the equations, leaving the problem with a resemblance to
the classic Poisson equation in terms of the B and R forces
densities:

@B
@t
� GB ¼ �~v0B � ~rBþ~sB � ~rBþwBhBBðj~rBj2 þ Br2BÞ

�wBhBRð~rB � ~rRþ Br2RÞ: ð13Þ
r models. European Journal of Operational Research (2010), doi:10.1016/
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In this case the problem is intrinsically nonlinear in B and R.
This equation can be trivially modified for the dynamics of the
Red forces.

3.3.2. Direct relation between the density of current and a weighted
difference of the gradients of the two forces

The group of forces located at some position will move towards
or away from the other forces according to the perceived strength
of the opponent.

~JB ¼ �~f B � pBðhBB
~rB� hBR

~rRÞ þ B~v0B; ð14Þ

where pB and pR are proportionality constants and~f B and~f R are fric-
tion terms, as described early.

By replacing (14) into (3) and proceeding in the same way for
the other forces, the densities of current no longer appear in the
equations, leaving the problem with a resemblance to the classic
Poisson equation in terms of the B and R force densities:

pB hBBr2B� hBRr2R
� �

�~v0B � ~rB ¼ @B
@t
� GB ð15Þ

and also an analog equation obtained by swapping the B and R
subscripts.

Due to the right side of this equation, as Eq. (4) expresses, in
general this is still a nonlinear problem.

3.4. Nonlocal movements and attrition

Two effects arise from nonlocal struggle, movement and
destruction. These consequences are analyzed here.

3.4.1. Struggle-driven movement: Predator–prey behavior
It is expected that an army will move towards or away the ene-

mies depending on its own balance of forces. In simple terms,
fighting units are expected to direct their fire at a single specific
opposite unit that they consider they can destroy. The notion of
accessibility, whether they can win or not, obviously will depend
upon their expectations of superiority. Thus, a tentative form of
‘‘intelligence’’ under a perfect information assumption that can
evaluate a unit superiority against a determined target can be ex-
pressed as follows:Z t0þT

t0

Z Z
A
ðBkB � RkRÞdAdt P 0: ð16Þ

Fig. 2 shows the incremental analysis needed to formulate a dis-
placement policy for the B forces.
B(r )

R

R

R

R

B

B

B

B

dv

r

r ’

R(r ’ )

dS’

O

S’

v

Fig. 2. Displacement Interaction over the B forces.
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If Eq. (16) holds true, then B is going to move towards R, if not, B
is going to escape in the opposite direction or evaluate a different
target. On the other hand, the velocity of ~vB, once the direction is
set, is going to depend upon the distance of the two forces.

Assuming that an element of the Blue forces moves in the orien-
tation where it perceives extreme weakness or robustness, a spa-
tial function should define the attitude of that element according
to the relative distance while moving on the line that joins the
positions of the antagonistic elements of the forces. As perceptions
are involved, the effect of integration over the S0R domain can drive
the B forces through a twisting path, away from the one obtained
when information is perfect. Red forces can experience the same
winding in their movements.

~vB ¼
Z Z

SR

lB k~rR �~rBk;hBRR ~r0R
� �
� hBBBð~rBÞ; zB

� � ~r0R �~rB

~r0R �~rB

�� �� dS0R: ð17Þ

The great importance of the introduction of this kind of velocity
is that it exists even if no elements of the force are present at some
spot, as it happens with any potential function. Also, it should be
highlighted that this interaction would induce a force alignment
for the combat or the escape, quite long before.

3.4.2. Nonlocal attrition
If attrition takes place at a significant distance, for example due

to the use of artillery, the killing rate over each unit of the Bð~rBÞ
force would be needed. If it is assumed that a nonlocal portion of
the R forces inflict losses from that remote location, then by using
the notation given in Eq. (3), the relative contribution to the decay
of each elementary individual of the B forces can be calculated
from the effect of the remote portion of the enemy forces R ~r0R

� �
.

That value is:

d
GB

B

	 
����
remote

¼ d
1
B

dB
dt

	 
����
remote

: ð18Þ

In this model R forces fire according to their ammunition stock
aR ~r0R
� �

, distance to the B forces ~r0R �~rB

�� ��, relative targeting on the B
forces zBð~rBÞ (no information about the ammunition distribution of
the enemy) and perceived dis-balance of the struggling forces
d ~rB;~r0R
� �

¼ hRRR ~r0R
� �
� hRBBð~rBÞ. The relative targeting on the B forces

is assumed to be conditioned by the perception observed by the R
forces over the B forces, that can also be a function of the spatial
coordinates.

zBð~rBÞ ¼
hRBBð~rBÞ

R R
S0B

dS0BR R
S0B

hRBB ~r0B
� �

dS0B
: ð19Þ

And the relative rate of firing of the R forces located at~r0R should
be gR, which can be expressed as a function of the four already
mentioned variables.

Hence, the absolute contribution to the spatial Lanchester equa-
tions is:

GBjremote ¼
dB
dt

����
remote

; ð20Þ

or

GBjremote ¼ �Bð~rBÞ
Z Z

S0R

R ~r0R
� �

gR ~r0R �~rB

�� ��; zBð~rBÞ; aR ~r0R
� �

; d ~rB;~r0R
� �� �

dS0R;

ð21Þ
4. Comparison to other formulations

In an early work, Protopopescu et al. (1989) model the spatial
behavior of the forces, using only one spatial dimension:

@B
@t
¼ ~v0B � ~rBþ ~r � D1

~rB
� �

þ IB: ð22Þ
r models. European Journal of Operational Research (2010), doi:10.1016/
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This model can be interpreted with the forces simultaneously start-
ing to fight and trying to stay around or chasing their neighboring
adversaries. The authors explicitly left the explanation of the
parameters for future work. By recurring to the model shown in
Eq. (6), it is easy to reverse-engineer the formulations of the authors
already mentioned:

~vB ¼ �~v0 �
1
B
~f 0 þ D1

~rB
� �

: ð23Þ

Moreover, that formulation implicitly assumes forces that have
diffusive velocity components due to each of the engaging forces,
so the forces run away from their high concentration of forces to
their own low concentrations, disregarding the concentrations of
the enemies.

As mentioned at the introduction, given the lack of a conceptual
framework properly linking LEs with the Reaction–Diffusion equa-
tions, the correct interpretation of this model become a very com-
plex task.

The model expressed by other authors such as Cosner et al.
(1990) that follows up Protopopescu, does not interpret the terms
in the equations, e.g.: velocities, focusing on the mathematical
solution of a general equation. The model presented by Fields
(1993) implicitly includes anisotropy in the diffusion, but later
on when using a scalar as the unique constant of diffusion, a neg-
ative constant vector is added to the velocity field of the struggling
forces, mentioning only that the components of that constant vec-
tor are called velocity constants. For these authors the expression
for the time evolution of the Blue forces is:

@B
@t
¼ ~v0B � ~rBþ ~r � ðD1

~rðBþ RÞÞ þ IB: ð24Þ

In all the cases cited here, the constant velocity is not an initial
velocity because at that time the term r2 is not zero everywhere,
unless the distribution of the force (forces) is (are) not constant.
But Fields (1993), assumes that the velocity of the Blue forces
becomes:

~vB ¼ �~v0 �
1
B
ð~f 0 þ DP

~rðBþ RÞÞ: ð25Þ

An innovative feature of this formulation is that the velocity de-
pends on the sum of the forces, which could be considered the first
responsive movement model. However, this model implicitly as-
sumes forces that have diffusive velocity components due to each
of the engaging forces, so the forces run away from the crowds no
matter if they are friends or foes.

In an attempted expansion to 2D, Spradlin and Spradlin (2007)
write:

@B
@t
¼ �~v0B � ~rB� IB; ð26Þ

where IB represents the attrition rate, and the velocity is a constant,
so movement is not present at all. Also, no attraction or repulsion is
described:

~vB ¼ ~v0 �
1
B
~f 0: ð27Þ

A variant of the other models appears when Keane (2009) in-
cludes a term called the time derivative of the forces that is as-
sumed to be composed of three parts, one due to diffusion,
another one to the interaction and the third one as a result of the
velocities. In this formulation, again the diffusion term is not re-
garded as a velocity component as it should be:

@B
@t
¼ IB þ ~r � ðDBðBÞ~rBÞ þ ~r � fBð~CBBþ AaðKa � BÞ

þ ARBðKR � BÞÞg þ IB: ð28Þ
Please cite this article in press as: González, E., Villena, M. Spatial Lancheste
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The actual velocity that emerges from that formulation is:

~vB ¼ �~CBB� AaðKa � BÞ � ARBðKR � BÞ � 1
B
ð~f 0 þ DBðBÞ~rðBÞÞ; ð29Þ

where Aa and AR are constants, and Ka and KR must be vectorial
operators, not described by the authors.

It is perhaps due to the problems of explicit definitions pointed
out above in the original Protopopescu’s seminal work, that only a
few papers have followed up this line of research. Indeed, with lim-
ited theoretical development and shallow interpretation, it could
be difficult to generate useful spatial applications. Thus, most of
the work on spatial attrition models previously discussed could
benefit from the explicit and consistent general framework of anal-
ysis introduced here, allowing a more clear understanding and
interpretation of the spatial modeling. It is expected that from this
clarification, further work on spatial LE will be developed and not
only for warfare applications.

As a conclusion of the analysis already presented, this new spa-
tial specification of LEs can be seen as a general formulation, bring-
ing a taxonomy of models and explicit definitions for spatial
Lanchester Models.

5. A new model of responsive local movement

Even though any of the formulations presented above could be
analytically and numerically implemented, this section develops
an original responsive movement dynamics, which highlights the
combat intelligence rather than the troop movement. In any case,
it is important to remark that these two dynamics (troop directed
and responsive/intelligent movement) are not competitive and can
be seen as complementary. For purposes of explanation, the ana-
lytical and numerical example here developed is thought to show
combat dynamics in the battlefield, where emphasis is given to
the combat intelligence.

Specifically, a responsive movement of the soldiers will be mod-
eled. Thus, the densities of currents of the forces will move towards
or away from the enemies depending on the balance of their gradi-
ents. In other words, each force will evaluate dynamically its
strength against the opposite forces, and it will move accordingly.

Note that if friction is neglected and hBB/hBR = hRB/hRR, then both
forces will have the same instantaneous direction at the same
point of the surface, but with different signs. This condition is
equivalent to having the determinant of the associated linear sys-
tem equal to zero.

5.1. An application on the time side

The situation to be analyzed assumes no spontaneous genera-
tion (no reinforcements) and only linear dependencies, whereas
the terms from Eq. (4),

aB10 ¼ ERð¼ kRÞ aB01 ¼ MB;

aR10 ¼ EBð¼ kBÞ aR01 ¼ MR
ð30Þ

are used in order to compare with the example of Bach et al. (1962),
and thus results in:

½H�
B

R

� �
� @

@t
B

R

� �
¼ 0; ð31Þ

where the [H] matrix operator is:

½H� ¼ pBhBBr2 �MB � ð~v0B � ~rÞ �pBhBRr2 � ER

�pRhRBr2 � EB pRhRRr2 �MR � ð~v0R � ~rÞ

" #
:

ð32Þ
r models. European Journal of Operational Research (2010), doi:10.1016/

http://dx.doi.org/10.1016/j.ejor.2010.11.009
http://dx.doi.org/10.1016/j.ejor.2010.11.009


6 E. González, M. Villena / European Journal of Operational Research xxx (2010) xxx–xxx
5.2. Numerical solution for a 2D uniform grid

As B and R must be non-negatively valued for each point of the
space–time domain, the solution to this problem can not be treated
as in the Dirichlet (zero-order boundary conditions) or Neumann
(first-order boundary conditions) problem, because the non-nega-
tivity can be regarded as a time-dependent border condition. Bear-
ing in mind this statement, a numerical approach suits this
problem better, where the formulation given by (31) drives to a
time-stepping formulation for the spatial profile of the B and R sca-
lar fields. The procedure should provide a way to adjust the time
step so as to limit the maximum deviation of negative values and
then to reset acceptable deviations to zero. The time stepping
can be faced with a stable Crank–Nicolson (C–N) method, leaving
the spatial problem to other methods. Here, Finite Differences
(FD) are used as a first approach.

For further details on the FD formulation see the proposal by
Gonzalez and Villena (2009).
Table 1
Equivalences and units.

Concept Arbitrary unit Physical unit

Time UT 531.91 [minutes]
Distance UL 105 metres
Cell side 10�3 UL 100 metres
Time step 10�4 UT 3.1915 seconds
Soldiers US 104 soldier
Concentration of Forces

(B or R)
UC = US � UL�2 10�6 soldier metre�2

Velocity ð~vÞ or Speed (v) UV = UL � UT�1 188 metres minutes�1

Density of current ð~JÞ UJ = US � UL�1 � UT�1 1.88 � 10�3 soldier metres�1

minutes�1

pB 10�5 UL2 105 metres2

pR 10�5 UL2 105 m2

MB 3 UT�1 0.00564 minutes�1

ER 1 UT�1 0.00188 minutes�1

MR 1 UT�1 0.00188 minutes�1

EB 8 UT�1 0.01504 minutes�1
6. Numerical illustration

A very simple numerical example is developed in order to show
the potential of the model described above. A new formulation is
presented for simulating a combat under Lanchester square law
rules while the forces are being attracted or repelled accordingly
to the perception of their local relative strength, like in (31) but
when ~v0B ¼ ~v0R ¼ 0. Clearly this new formulation has not been
modeled using the already mentioned classical or spatial attrition
approaches, and it consists of a simple combat with responsive
movement.

The situation is described by two forces, one is an occupying
force uniformly spread over the domain, the same as the rebel local
army that uses the same area, but gets visible at time t = 0.

MB = +3; net self decay of the Blue forces
ER = +1; death rate of the Blue forces caused by the Red forces
MR = +1; net self decay of the Red forces
EB = +8; death rate of the Red forces caused by the Blue forces

The occupying army (Blue forces) has a high killing rate (eight
times as effective as the Red forces), but also a higher decaying rate
due to the lack of local support, having to face a self decay rate
three times the value of the local army (Red forces). The forces will
engage on a one-to-one base, as in the Lanchester square law, due
to the hard chance to fight on open space. They simultaneously
start fighting while trying to stay around or chasing their neighbor-
ing adversaries. It is assumed that the battlefield is so broad that
the boundary conditions allow to have zero forces on the perimeter
of the domain.

Under these conditions, it is important to recognize when one of
the forces reach a 5% of its initial value, figure that marks the end of
the battle. Also it is important to see how the forces spread during
the combat. Because the forces are in the right place, some disper-
sion is expected as a result of the normal diffusion that generates
the presence of the enemies. This spreading, enemy-driven as al-
ready shown, is important because it might explain a different out-
come of one battle.

Once the battle starts, the aim of each army is total annihila-
tion of the opposite force. In this particular case, the individuals
move by diffusion only according to the local balance of forces,
assuming the behavior explained in Section 5, in Subsection 5.1
and ~v0B ¼ ~v0R ¼ 0. Using the same values as in the benchmark,
but accepting one on one interaction among the fighting forces,
this example shows the spatial behavior during the conflict. This
time, in order to avoid abrupt changes in the initial state of the
Please cite this article in press as: González, E., Villena, M. Spatial Lancheste
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system, the following functions are used for the distribution of
the forces:

hðx; y; t ¼ 0Þ ¼ ch � sech
mh

c2
h

ðx� x0Þ2 þ ðy� y0Þ
2

h i	 

; ð33Þ

where h can be B or R, cB = 2000, cR = 6000, ch has been set as the
length of eighteen cell sides and mh = 4 is a dimensionless modulat-
ing constant.

Stability is granted for this situation and is reported in the work
of Gonzalez and Villena (2009).

Using the same initial concentration of each force for two sim-
ulations, where the scenery is altered by shifting the location of the
engaging forces in zero and fourteen cells apart, a first result shows
that the combat lasts less if the forces are placed initially over the
same location. On the other extreme, the combat lasts more when
there is a significant shift between the center of each force. Even
though this spatial formulation assumes a very basic form of intel-
ligence, this example aims to focus on the space–time evolution of
the problem rather than in the effectiveness of the chosen diffusion
definition.

Thus, evolution of each force and comparison between different
initial locations show how the distribution of the spatial forces is
altered, as well as the resulting time for a practical annihilation
of the weaker force. The square grid for the simulations uses 53
points on each side and the total space span represented on each
side is 52 � 10�3 in arbitrary units, so each cell is a square of side
10�3. The time variable uses a step of 0.1 � 10�3 in arbitrary units.
Proportionality constants pB and pR are taken as 10�5 in arbitrary
units. And as the forces have no intelligence, all the four u param-
eters are unitary.

The arbitrary units taken, can account for a plausible situation
where the physical units are given together with the equivalences
in Table 1:

From Figs. 3 and 4 it is clear that the final distribution of the
Blue Forces depends on the shift of the centroid of the forces.
The effect also happens with the Red Forces, condition that can
be seen in Figs. 5 and 6. As expected, Figs. 3 and 5 are symmetric
in relation to the diagonals, and to the center lines. All the surfaces
are plotted using UC and cell side units.

It must be remarked that this model accounts for the change in
combat duration regarding the classical Lanchester equations, sit-
uation that is explained by the diffusive behavior of this kind of
forces.

It can be pointed out that even though the second combat lasts
longer, the number of casualties of the triumphant rebels (Red
force) is significantly reduced. When physical units are used, the
total amount of rebels is initially 23,757 soldiers while the sieging
army has 7919 soldiers. Evolution times are compared for 95%
r models. European Journal of Operational Research (2010), doi:10.1016/
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Fig. 3. Evolution of Blue forces for centered combat. B(x,y) vs. spatial coordinates.

Fig. 4. Evolution of Blue forces for shifting. B(x,y) vs. spatial coordinates.
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annihilation of one of the forces: the results obtained show some
unexpected behavior, where 0t95 = 318.72 minutes but for off-cen-
ter combat 14t95 = 341.06 minutes. A plausible explanation can be
Please cite this article in press as: González, E., Villena, M. Spatial Lancheste
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found in the unbalanced values of ER, EB, MR and MB that resemble
the example analyzed by Bach et al. (1962). Interestingly, the
overall results change from the original LEs, and more information
r models. European Journal of Operational Research (2010), doi:10.1016/
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Fig. 5. Evolution of Red forces for centered combat. R(x,y) vs. spatial coordinates.

Fig. 6. Evolution of Red forces for shifting. R(x,y) vs. spatial coordinates.
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is obtained about the final location of the forces. Despite the Blue
army having well trained troops, in both analyzed cases, the
attempt of the Red forces to destroy that sieging army ends up in
Please cite this article in press as: González, E., Villena, M. Spatial Lancheste
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an successful rebellion, where it seems to be a better strategy for
them to have the forces in contact but not sharing the same shape
of the Blue forces distribution. In fact, the result of these combats
r models. European Journal of Operational Research (2010), doi:10.1016/
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Fig. 7. Time evolution of the total forces for centered combat. Top: Blue vs. time. Bottom: Red vs. time.

Fig. 8. Time evolution of the total forces for shifting. Top: Blue vs. time. Bottom: Red vs. time.
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show for the centered combat that the Red forces finish with 4749
soldiers while for the off-centered combat the rebels end up with
8124 soldiers. (In both cases the Blue forces are defeated when
they reach the size of 396 soldiers). An interesting situation can
arise if there is a threat of a small reinforcement for the sieging
army. If that is the case, maybe it would be wise to take the deci-
sion of rebelling for a shorter combat rather than a strategy of min-
imizing losses.

From the last two figures, Figs. 7 and 8, both shown using UT
and US units, it is evident that the damage inflicted on the Blue
forces is less significant if the rebels of the Red forces place their
force distribution with a similar distribution to that exhibited by
the Blue forces, even though the final result is plain defeat for
the Blue forces. Classical Lanchester equations cannot predict the
forces distribution once the combat has finished, Figs. 5 and 6,
show this feature of the spatial modeling. Also an examination of
the space–time evolution could be helpful in planning for eventual
reinforcement of troops.

Another simulation that makes a reversal in the situation takes
a change in amplitude (21,993 soldiers) and a slight relative
spreading of the sieging army (cB = 20), yielding 250 Red soldiers
against 11,881 Blue soldiers in 920.2 minutes, with all the remain-
Please cite this article in press as: González, E., Villena, M. Spatial Lancheste
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ing rebels quartered, and still fighting, in the center of the
battlefield.

More research could be done on trying to obtain, if possible, a
distribution of the Blue forces that could lead to a reversal in the
result of this combat for the same given distribution of the Blue
forces.
7. Conclusions and outlook

A clear link between partial differential equations (Reaction–
Diffusion equations) and Lanchester formulations is established,
including the attitudes and perceptions of each force towards its
opponents. The general model proposed here closes a gap not ad-
dressed in previous formulations, giving sense and interpretation
to those previous models presented on the bases of analogies with
other fields of knowledge.

Once the explicit movement dynamics and balance of forces are
incorporated to the traditional LEs, this new Lanchester Spatial
Model can be seen as a general formulation, where all the few at-
tempts done in this direction in the literature are particular cases
which could have a consistent comparison and review.
r models. European Journal of Operational Research (2010), doi:10.1016/
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Furthermore, an original model of responsive movement is
developed. As shown in the comparison to other formulations, be-
fore this work only one attempt to model velocity as a function of
the opposite forces has been done. Here, troops are considered to
move towards or away from the enemies depending on the balance
of forces. This new feature allows to model local attrition in a more
realistic way.

In this new formulation, it is possible to confirm that location
influences the results of modeling attrition conflict between two
opposite forces. The spatial distribution of the forces, their concen-
tration and movement (diffusion) capabilities affect the overall re-
sults of the traditional LEs. The combat between an occupation
army and a local army presented here can also be extended to a
one-to-one conflict between special forces that infiltrate an enemy
camp.

Specifically, it is shown that spatial concentration of forces will
affect the time of annihilation and army’s losses. Thus, the opti-
mum location of forces needed to minimize cost or maximize dam-
age is not intuitive and hence requires further investigation, most
likely in the field of dynamic optimization (optimal control). How-
ever, armies’ size, effectiveness and availability of supplies are still
crucial to model the battle.

The model can also be extended, with suitable computational
resources, quite straightly to more massive competing forces in
the struggle. In the same way, resource partitioning in a military
conflict could be easily incorporated. For instance, the work done
by Sheeba and Ghose (2005) can be enhanced using our
formulation.

An important conclusion of the model is that a new square law
must be established when space is taken into account, since the
disaggregated analysis of a battle can not be modeled on a spot, un-
less there exist both spatial homogeneity among the forces, and
negligible movements of the struggling forces constrained to a
small domain. If these two conditions are not met, the spatial
Lanchester approach becomes a better tool for combat modeling
while the square law does not survive as such. The same conclu-
sion applies to the linear law.

Clearly, the results of the LEs are diverted by these new model-
ing possibilities in a number of directions, giving the modeler a
whole new spectrum of variables and parameters to simulate in
a more realistic fashion the current problems modeled with LEs.
Additionally, new valuable information is generated by the model,
since the final location and distribution of the armies can be deter-
mined, and not just the time of annihilation.

Given the general approach employed here, it is easy to adapt
this model to allow different force movements and strategic
behaviors to an even wider range of problems and applications,
including 3D situations. Furthermore, the space–time modeling
of antagonistic forces could improve a number of applications such
as: crime prevention, marketing strategies, epidemiology, popula-
tion evolution, pollution interaction, economic modeling, among
many others.

Finally, this publication presents hints for further work, enhanc-
ing the search for solving attrition-like problems that benefit from
the spatial dimension, as the introduction of remotely driven
Please cite this article in press as: González, E., Villena, M. Spatial Lancheste
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attraction/repulsion behavior of the forces, as shown in Subsection
3.4. This general model can have stochastic analysis, either by spe-
cifically modeling the velocity field or by a characterization of the
term that accounts for the struggle.
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